We show that balls, circles and 2-spheres can be identified by generalized Riesz energy among compact submanifolds of the Euclidean space that are either closed or with codimension 0, where the Riesz energy is defined as the double integral of some power of the distance between pairs of points. As a consequence, we obtain the identification by the interpoint distance distribution.
Introduction
Suppose X is a compact submanifold of R d which is either a compact body Ω, i.e. the closure of a bounded open set of R d , or a closed submanifold M . Let us consider the integral I q (X) = X×X |x − y| q dxdy, (1.1) where dx and dy are the Lebesgue measures of X. It is well-defined if q > − dim X. It is called the Riesz q-energy of X when X is a compact body and −d < q < 0. Fix a submanifold X and consider the power q in the integral as a complex number, denoted by z in what follows. Then (1.1) is well-defined on a domain {z ∈ C : ℜe z > − dim X}, where the map z → I z (X) is holomorphic. Extend the domain of (1.1) by analytic continuation to a region of C, which depends on the regularity of X (it is the whole complex plane C if X is smooth). Then we obtain a meromorphic function with only simple poles at some negative integers. We denote it by B X (z) and call it Brylinski's beta function of X, as it can be expressed by the beta function when X is a circle, sphere or a ball. It was introduced by Brylinski [B] for knots, studied by Fuller and Vemuri [FV] for closed (hyper-)surfaces, and by Solanes and the author [OS] for compact bodies.
The beta function provides geometric quantities of X. For example, the volumes of X and of the boundary ∂X if exists, the total squared curvature of closed curves or the Willmore functional of closed surfaces as residues, and some kind energies as values at special z's. With these quantities, we are inclined to ask a question to what extent a space X can be identified by the beta function B X (z). We begin with introducing some preceding results on the identification by closely related geometric quantities.
Let f X (r) be the interpoint distance distribution of X;
It is equivalent to the integral (1.1) in the sense that the Mellin transform of f ′ X is equal to
and hence
The chord length distribution of a convex body K is given by
where E 1 is the set of lines in R d , µ is a measure on E 1 that is invariant under motions of R d , and L means the length. It is equivalent to the interpoint distance distribution for convex bodies in the sense that g K uniquely determines and is uniquely determined by f K (for example, [M] p.25), which is a consequence of the Blaschke-Petkantschin formula (for example, [San2] (4.2) p.46).
Let us first consider the identification problem of X by the interpoint distance distribution; whether f X (r) = f X ′ (r) for any r implies X = X ′ up to motions of R d . The picture is quite different according to whether we assume the convexity of X or not, although the answer is negative in both cases.
In fact, for convex bodies, Mallows and Clark [MC] gave a pair of non-congruent convex planar polygons with the same chord length distribution as illustrated in Figure 1 , whereas Waksman [W] pointed out that it is exceptional by showing that a "generic" planar convex polygon can be identified by the chord length distribution.
On the other hand, for general case, Caelli [Ca] gave a method to produce pairs of noncongruent subsets of R 2 , which are not convex in general, with the same interpoint distance distribution by using two axes of symmetry, as is illustrated in Figure 2 .
Let us next consider a weaker problem, whether balls and spheres can be identified by the interpoint distance distribution. Again, the picutre is different according to whether we assume convexity or not.
Among convex bodies K, balls can be identified by the interpoint distance distribution. It follows directly from the fact that only balls give the maximum of the Riesz energy I q (K) for Let I 1 and I 2 be reflections in lines L 1 and L 2 respectively, which form the angle qπ (q ∈ Q). Then R = I 1 I 2 is the rotation by angle 2qπ. Let Ω 1 , Ω 2 and Ω 3 be mutually disjoint regions satisfying
. This is a picture after Caelli's paper.
−d < q < 0 among all convex bodies K with a given volume V = I 0 (K). This fact was proved by [D] , [San1] and [Sch] independently. There is another proof. The volumes of a convex body K and the boundary ∂K can be expressed by the chord length distribution by
up to multiplication by constants, where χ is the Euler number. It is a consequence of Crofton's intersection formula (see, for example [San2] 14.3 or [Fed] 3.2.26) . Then the isoperimetric inequality in general dimension ( [Fed] ) implies the conclusion.
In this paper, we drop the assumption of convexity, and instead, we assume regularity of class C 3 , namely, we restrict ouselves to the set of compact submanifolds X of R d of class C 3 with dim X = d or ∂X = ∅ (dim X < d), and show that balls and circles can be identified by the beta function, and hence, by the interpoint distance distribution. We also show the identification of 2-spheres under additional assumptions that the codimension of X is not greater than 1 and that the regularity is of class C 4 .
Prelimanaries
We first show that the argument in [OS] goes almost parallel even if we weaken the assumption of regularity of X, and introduce some preceding results on the residues of the beta function from [B, FV, OS] .
where B d x (t) is a d-ball with center x and radius t. Then,
Let Ω be a compact body in R d and x ∈ M . Put
where n x and n y are outer unit normal vectors to Ω at x and y. Then,
for ℜe z > −d and z = −2 ([OS] Lemma 4.1).
It is a C k analogue of Proposition 3.1 and Corollary 3.2 of [OS] .
Proof.
(1) Using the decomposition
we can express a neighbourhood N 
and therefore,
which implies the first statement. Since (∂t/∂s)(0) = 1 we have (∂s/∂t)(x, v, 0) = 1, which implies ϕ M,x (0) = σ m−1 . Since s(x, v, t) = s(x, −v, −t) we have
The same statements for ϕ ν,x (t) can be proved in the same way. ✷ Since the formulae (2.1) and (2.3) imply
the regularization of I z (M ) and I z (Ω) can be reduced to that of an integral of the form I w,φ = ∞ 0 t w φ(t) dt. If φ(t) is of class C k then the integrand of the first term of the right hand side of 
In particular,
where σ j is the volume of the unit j-sphere.
is meromorphic on ℜe z > −d − k − 1 which has possible simple poles at z = −d and
• The equation (2.4) for smooth closed curves was given in [B] . Two formulae of residues and the eqation (2.5) for smooth case were given in [OS] .
• When M is a closed surface in R 3 , the second residue which appears at z = −4 is given by
where κ 1 and κ 2 are principal curvatures of M (Theorem 4.1 of [FV] ; see also Proposition 3.8 of [OS] for the correction of the coefficient).
• The first residue of B Ω (z) which appears at z = −d is given by
which can be computed using (2.2) without using differentiability of ϕ ν,x (t) ([OS] Lemma 4.5).
• The residues of the beta function do not indicate the number of the connected components of X immediately.
Identification of balls and spheres
Let B n (r), S 1 (r), and S 2 (r) be an n-ball, circle, and a 2-sphere of radius r respectively. Proof. Brylinski showed that B C (−2) = E(C) − 4 for a single curve C, where E(C) is the so-called Möbius energy defined in [O] and studied in [FHW] 1 . Freedman, He and Wang showed that E(C) ≥ 4 for any single closed curve C in R 3 with equality if and only if C is a circle. The easiest way to see this would be the "wasted length" argument and the cosine formula of E by Doyle and Schramm (reported in [AS] ). Since the definition of the energy and the proofs of the above statements do not use the condition that the dimension of the ambiet space is equal to 3, the above argument holds regardless of the codimension.
Suppose X is a disjoint union of n closed curves; X = C 1 ∪ · · · ∪ C n . We have
where the second equality holds if and only if C i is a circle for any i and the first equality holds if and only if n = 1. ✷ Lemma 3.2 Let X = S 2 1 (r 1 ) ∪ S 2 2 (r 2 ) be a disjoint union of two 2-spheres in R 3 with radii r 1 and r 2 such that the diameter of X is not greater than 2. Put
Then there are positive constants ε 1 and C such that if 0 < ε < ε 1 then
Put ε 1 = min{1, r 1 , r 2 }. Since the numerator of the left hand side of (3.1) is an increasing function of the distance between two spheres, we have only to show the inequality when the distance is equal to 1 − 2r 1 − 2r 2 . Therefore we may assume both S 2 1 (r 1 ) and S 2 2 (r 2 ) are contained in the unit ball with center the origin.
If (x, y) ∈ (S 2 1 (r 1 ) × S 2 2 (r 2 )) ∩ ∆ c 2−ε then 2 − ε < |x − y| ≤ |x| + |y| ≤ |x| + 1, which means that x is in the complement of the ball with center the origin and radius 1 − ε, which we denote by
where A means the area. We have
, which implies that if we put
then the inequality (3.1) is satisfied. ✷ Lemma 3.3 Suppose X is a disjoint union of n two dimensional spheres in R 3 that has the same area and diameter as S 2 (r). If n > 1 then X has a different interpoint distance distribution, and hence a different beta function, from S 2 (r).
Proof. We may assume without loss of generality that r = 1. Assume that X = S 2 1 (r 1 ) ∪ · · · ∪ S 2 n (r n ) with n > 1, r 1 ≥ · · · ≥ r n , r 2 1 + · · · + r 2 n = 1 and that the diameter of X is equal to 2. Put ε 0 = min{2 − 2r 1 , r n , 1}. Then if 0 < ε < ε 0 then (S 2 i (r i ) × S 2 i (r i )) ∩ ∆ c 2−ε = ∅ for any i. Therefore, Lemma 3.2 implies Vol (X × X) ∩ ∆ .
If we take ε > 0 so that (C 0 + 
